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Abstract

This document derives some general properties of Dalitz plots. In particular, a derivation
of the relation between the density along a decay band and the cosine of the decay angles is
presented. It is also shown that given two identical particles, how the helicity angles of the two
decay chains are related.

1 Properties of Dalitz Plots

We will consider the Dalitz plot as evaluated in the center of mass frame of the three daughter
particles. Under that assumption, we have the following constraints:

M = Ei+Ey+E; (1)

0 = p1+pP2+ps (2)
Ey = \/pi+m} (3)
Ey = \/p3+m3 (4)
Ey = \/p3+m3. (5)

The Dalitz plot is made by plotting either the kinetic energy of one particle versus another, e.g.
T versus Ty, or by plotting the invariant mass of one pair of particles versus another pair, e.g. m?,
Versus ma,.

The invariant mass of a pair of particles is written as:

my = (Bi+Ej)’ - (5 + 7)) (6)
= m +mj +2(EiE; — fi - 7)) (7)
= mj+m]+2(E;E; — pipj cosby). (8)

There is also a global constraint relating the seven masses in the problem:

2 2 2 2 2 2 2
M® = miy + mig+ma3 —my —mj —ms. (9)
Consider now the addition of m?, and m?,, where we replace p3 = —p1 —p2 and B3 = M —E; — Es.
It is easily shown that
M? +m? —m2
B = SmiTmi (10)
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M2+m§fm%3

By = — 2 13 11

9 Wi (11)
M2+ m2 — m?

Ey = — 3 "2 12

3 Wi (12)

This confirms that the original statement on energy and invariant-mass squared being equivalent.

Now let us consider a situation where our particle M decays into mqs recoiling against particle
1. We want to define a coordinate system whose z-axis is along p; and whose y-axis is normal to the
decay plane of the three particles. We then want to boost along Z into the rest frame of mo3 and
look at the angle between particle 2 and the Z axis in that frame, cos 5. In the rest frame of M, the
momentum of particle 2 is given as

D2 sin 912
P2 = 0 (13)
P2 cos 012

where 6015 is the smallest angle between p; and p;. The Lorentz boost into the rest frame of mog
(called the helicity frame) is given by :

= —— 14
g = -2 (14)
E,
= — 15
v - (15)
P1

= —=— 16
By o~ (16)

This then yields that
ES” = yE; — Byp2cos b (17)

P2 sin By

Py = 0 (18)

p2 cos B12 — ByEy

For a given mo3, the magnitude of pi and EI are given as:

2 2 _ 932

R = .
(m25 — m2 +m3)?2

B = \/ A (20)

Now, we can write down what the cos 65 is in the helicity frame. This can be simplified by inserting
3, v from above and noting that ps cos 612 can be replaced by: (m?3 +m3 + 2E1 Ey — m3,)/p1

Yp2 cos B0 — By Es

cos 0y o (21)
2
_ ih {Elm% +m3+2E1Ey —mi, plE% (22)
Py ™M1 b1 m1
1
= pgplml [El(m% =+ mg —+ 2E1E2 — m?Q — p%EQ] (23)
1
— e p— [El (m? + m% — m%2) + m%Eg] (24)
2
1 M2 2 .2
_ [amﬁm@m@+ﬁ+m2mﬂ (25)
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[(M? 4+ m? — m33)(m7 4+ m3 —m3y) + m3(M? +m3 —miy)|

- pg‘plleM (26)
(M )y, — M2 = md) + mE(M2 4 md — ) o
phpimi2M
_ mig [M? —mBy] + [(md — (m3s — M?))((m5s — M?) — m3) + mi(M? + m3)] (28)
phpimi2M

For a fixed value of m32, p1, and p# are also constants. This means that the value of cos 65 is a linear
23 2
function of m?,.
sy = miz [M? —mas] + [(m] — (m3; — M?))((m35 — M?) —m3) +mi(M?> + m3)] (29)
(m1/2ma3)\/[(M? + mf — m33)? — AMm3] [(m3, +m3 — m3)? — dmizm3]

2 Symmetries

Let us now assume that ms = m3 = m. This means that we should expect symmetries around the
line m2, = m?2; in the plot. Let us explore this to see what we find. We will define two possible
decay chains here:

X — A123 — 123 (30)
93> Pgj>
08, $8). Using equation 29 and assuming first that p3 defines the 2 axis, we find

In decay chain 30, we have four angles: (6 Gf,qﬁﬁ), while in decay chain 31, we have four
angles: (ij, gBj,

that

m3s [M? = m3y] + [(m® — (3 = M?))((m3y — M?) = m®) + m*(M? + m3)]

A
cos 0 9 M2 2 _ 22 — AM2m2 2 2 _ m2)2 — 4m2-m2
(m/2m12)\/[(M? +m2 —m7,) m?] [(mi, +m? —mf) miym?

(32)

Now, if we choose ps to define the Z axis, then we find that the angle of particle 1 in the helicity
frame is:

cosfE  — m3, [MQ - m%3] + [(m2 — (m3y — M?))((m25 — M?) —m?) +m2(M? + m%)] (33)
hoo= .
(m/2m13) /(M2 +m?2 — m2,)2 — AM2m?2] [(m3, + m2 — m3?)2 — dm2,m?]

Finally, if we look along the symmetry axis where m?, = m3;, then these two helicity angles
are exactly equal. Now let us assume that in the rest frame of X, we have some coordinate system
whose unit vectors are given as (é;, é,,€,). If we now use these directions to define a y — axis in the
helicity frame as ¢ is along é, x 2. The question is now what is ¢ in the two frames? This angle is
actually just the angle between the normal to the decay plane and the ¢ axis as defined above. The
normal to the decay plane is given as follows, where the angle is measured in the rest frame of X.

R P1 X P
TS s o

P2 X P
- p2p23 sin 223 (35)

P3 X P
- P3p?; sin ;31 (36)

The y — axis is given as:

oo D (37)
)” = pZQS;; Z; (38)



where again, the angle is measured in the rest-frame of X. The angle ¢ can now be determined as

cosp =n-g.
COS¢;? _ ( D2 Xp?) ) . ( p3 X € > (39)

D23 sin Oa3 p3sinds,

_ (P2 p3) (D5 - €2) — (P2 €:) (5 - P3)
_ ) (10)
Da2p35 sin O3 sin O3,

Similarly, we can write that:

h paps3 sin O3 sin Oy,

It should be noted that both of these formulas have terrible pathologies. If any of the sin functions are
zero, or if either ps or p3 are zero. Other than this, there should be an exact one-to-one relation ship
between ¢7 and ¢2. Let’s now restrict ourselves to the diagonal. Here we have that ma = m3 = m,
p2 =p3 =p, By = E3 = F and cos#12 = cos#13. This means that 6,5 = 613 = 6.
cos ¢f _cos 923T cos 93? — cos By, (42)
sin fo3 sin O3,
cos 3, — cos Ba3 cos O,

cos ¢pP

sin 923 sin 922 (43)

Finally, we should note that a given point in the Dalitz plot specifies the magnitudes of the three
3-momenta in the decay plane. It does not specify the orientation of the decay plane. We can apply
any arbitrary rotation to the three particles we want, and we will still get the same entry in the
Dalitz plot. This means that a particular point in the Dalitz plot does not translate into a unique
4; or ¢y, as it does for the angles in the helicity frame.



